This paper presents a method for determination of the size distribution for diamond nanocrystals containing luminescent nitrogen-vacancy (NV) centers using the luminescence intensity only. We also revise the basic photo physical properties of NV centers and conclude that the luminescence quantum yield of such centers is significantly smaller than the frequently stated 100%. The yield can be as low as 5% for centers embedded in nanocrystals and depends on their shape and the refractive index of the surrounding medium. The paper also addresses the value of the absorption cross-section of NV centers.
Introduction
Recent 20 years have seen explosive increase of publications on nitrogen-vacancy (NV) centers in diamond [1] . A simple search of Web of Science reveals that the number of citations on the topic "nitrogen-vacancy" doubles approximately every 3 years and reached ten thousand in 2016 alone. The remarkable popularity of NV centers is based on their extraordinary photophysical properties such as high photo-stability, sensitivity to magnetic fields, temperature and pressure, optical polarisation of electronic spin, optically detected magnetic resonance (ODMR) demonstrated even on a single center at room temperature.
Some of the applications of NV centers can profit greatly when the centers are imbedded in nearly perfect isotopically homogeneous crystals but other are feasible only with nanodiamond. An obvious example of the later is labelling for bio imaging. A less obvious example is temperature measurements on a nanoscale. Application of NV centers for temperature measurements in nano-structures is problematic with bulk crystals because very high thermal conductivity of diamond will inevitably affect the temperature at the location of interest. Nanocrystals of diamond photo activated with NV centers are commercially available from several suppliers. However current methods of production by irradiation, annealing and crashing of high-temperature high-pressure (HTHP) micro-sized crystals result in nanocrystals which are much more inhomogeneous than other common bio labelling agents such as dye molecules or quantum dots. We will investigate this inhomogeneity in the next section.
A number of reviews are available on sensory applications and photo-physical properties of NV-centers [1, 2, 3, 4] but readers should bear in mind that these reviews quickly age except for the parts dealing with most fundamental characteristics. In the following sections we will focus on some of these fundamentals to see if all the common claims about the NV-centers are sufficiently justified.
Brightness of nanodiamonds
Specific brightness (the maximum number of photons which can be detected from a unit volume of the material) is an important figure of merit for many applications. This characteristic of luminescent nanodianmonds has been investigated using commercially available 70-nm fluorescent nanodiamond from Sigma-Aldrich. Product # 798169 is supplied in deionised water at mass concentration of diamond at 1 mg/mL and advertised concentration of NV centers of more than 300 per crystal. For the purpose of this research, the concentration of diamond in the suspension has been decreased to C D ≈ 5 × 10 −4 mg mL −1 (2000 times dilution) and a small drop of it (volume V drop ≈ 8.4 × 10 −5 mL) has been deposited on a pre-cleaned glass microscope slide. Additionally, a number of water droplets has been placed around the drop of suspension to reduce formation of a coffee ring [5, 6] . After drying, the crystals were distributed approximately homogeneously on the slide within an approximately round spot of about 1.2 mm in diameter. The photon count rate for each crystal has been measured under continuous 50-mW excitation at the wavelength of 532 nm (measured at the output of the exciting laser, Coherent Verdi-V5). The luminescence has been collected with a microscope objective, Numerical Aperture (NA) of 0.9 and detected by a photon counting CCD (Andor iXon). The maximum power density of the excitation light beam on the slide has been estimated at about 3.5 kW/cm 2 . The dependence of the detected count rate, k (det) r on the excitation power P has been measured for 9 nanocrystals and followed a typical saturation curve [7] k (det) r = R (det)
The average saturation power, P s for this set has been estimated at the level of 0.9(3) W for the case of a crystal in the center of the illuminated area (the corresponding average saturation intensity is 70 ± 15 kW/cm 2 in agreement with [8] but the standard deviation in the sample was about 30% of the mean). The value of R (det) , the maximum detectable photon count rate for each crystals can be estimated using the count rates measured at the excitation power of 50 mW and the value of P s . We have also taken into account the variation of the laser light irradiance across the spot illuminated with the laser. This variation has been determined using weak luminescence of substrate which is proportional to the irradiance. The relatively large uncertainty in the saturation power was a little problem for the following as the observed distribution of the saturated count rates has varied from crystal to crystal by a factor of 1000 as can be seen in the top panel of Fig.1 . If the number of NV-centers per crystal is (as advertised) larger than 300 for each crystals, then some of the crystals should have about a million of such centers (unless many of these centers are very dim in the crystals with low R (det) ). To clarify this problem, we will analyse the size distribution of the crystals using the luminescence data.
The total volume of the diamond in the drop can be deduced from the mass concentration of the diamond, the volume of the drop and the density of the diamond. This value should be equal to the sum of R (det) j /β j over all the crystals in the drop
where ρ ≈ 3.5 g cm −3 is the density of diamond crystal and β j is the the maximum number of photons detected from j-th crystal divided by its volume. Assuming that β j ≡ β is the same for all the crystals, one can find the value of β from Eq. (2) and then determine a diameter of each detected crystal using their volumes V j ≈ d 
The result of such calculations is shown in the bottom panel of Fig.1 . The distribution of the diameters measured by dynamic light scattering (DLS) is also shown and demonstrates quite a reasonable agreement with the distribution obtained from the luminescence measurements (especially given the assumptions and approximations made in the data analysis). The estimated value of β is 150 Hz/nm 3 . In addition to the inaccuracy of the approximations introduced above, a small mismatch between the position of the maxima in the two distribution (70 and 100 nm) can be explained by the assumption that some of the crystals do not have detectable NV-centers (strictly speaking C D should refer to detectable diamonds only).
Given that about 10% of emitted photons are detected by our setup (see more details below), the estimated value of β corresponds to an absolute specific brightness of about 1.5 × 10 3 photon/nm 3 . If we take the mean diameter of the crystals (averaged by volume) to be 100 nm (in agreement with the distribution shown in Fig.1 ) and the advertised 300 NV centers as the value for such an average size, then the emission photon rate is 2.5 MHz per NV-center.
In summary, this experiment shows that commercially available diamonds can be characterised by a specific brightness. This observation suggests a uniform concentration of NV-centers as a reasonable approximation. The wide inhomogeneity of the overall brightness mainly results from a wide distribution of the crystal volumes in the supplied material.
But does the observed specific brightness matches up with what we know about the photophysical properties of the NV-centers? Note that 2.5 MHz is 16 times smaller than a frequently reported luminescence decay rate of 40 MHz (25 ns lifetime). The answer to this question will be one of the main subject of the following discussion.
Interaction with electromagnetic fields
The interaction of photons with an NV center embedded in a crystal of diamond presents a significant theoretical challenge at the level of microscopic fields inside the crystal. But when these microscopic fields are averaged, one gets macroscopic fields which are much easier to calculate. In principle, identical macroscopic fields can correspond to different microscopic fields but one can assume a one-to-one correspondence between macroscopic and microscopic fields acting on a single NV center in a perfect diamond crystal. If the center resides in a sufficiently large nanocrystal and we can ignore interaction of the NV with any other impurities or defects then equal macroscopic fields in the nanocrystals and in bulk will correspond to equal microscopic fields acting on the NV-center. We will use this equality in the following review of the basic principles of NV-photon interaction and the corresponding dynamics of populations.
Absorption cross-section
The optical absorption cross-section is defined by the equality
where k lu is the excitation rate from the lower electronic state to the upper electronic state and I the photon flux (expressed in units of photon s −1 m −2 ). Note that k lu multiplied by the energy difference between the upper and the lower states gives the absorbed power. One should keep in mind that the excitation rate for a typical case of an electric-dipole transition is proportional to cos 2 θ, where θ is the angle between the microscopic electric field and the direction of the transition dipole. The NV-centers have two mutually orthogonal electrical-dipole transitions due to two electronically excited degenerate states 3 E (see Subsection 3.3 and Fig. 2 ). This creates additional complications for the analysis of absorption by a single center as neither the orientation of the dipoles nor the direction of the microscopic field may be easy to determine. For simplicity and if not explicitly stated otherwise, we will assume that σ is the absorption cross-section averaged under the assumption of uniform probably distribution for the relative orientation of the dipole axis and the direction of the microscopic field. This averaging is partially facilitated by the presence of the two orthogonal dipoles but the averaged quantity would rather refer to a property of a sample with many centers. When we compare properties of an NV-center embedded in bulk diamond and in nanocrystals, it will be assumed that the corresponding angles between the dipoles and the electrical field are equal.
First, we consider interaction of NV center imbedded in a bulk diamond with a plane wave entering the diamond from air perpendicular to the interface. On the interface, the wave is partially reflected and E i , the macroscopic electrical field inside the diamond is reduced in comparison to the external macroscopic field E ext :
where n ≈ 2.42 is the refractive index of diamond. The factor η will be called a shielding factor (in this case for a bulk crystal as indicated by the subscript). Note that this is a much larger effect than the photon flux loss due to the reflection. The transmitted power is just 4n/(n + 1) . Because calculation of macroscopic fields inside of an irregularly shaped crystal can be done only numerically, we limit the analysis to interaction of an NV center with an electro-magnetic wave incident on an ellipsoid-shaped crystal with arbitrary relation between its three axes. The lengths of these axes are a, b and c, with a being the longest. The electrical field inside an ellipsoid is homogeneous and this makes the analysis particularly simple. The assumption that the polarisation of the wave is directed along one of the ellipsoid axes, does not limit the generality of the theory due to the validity of the linear superposition principle for the low field strength typical for this situation. When the external field is directed along one of the axes, the internal field is parallel to the external field as in the case of a plane interface but the proportionality constant is different.
where the value of the depolarising factor δ depends on the shape of the ellipsoid and the direction of the field [9] . For a sphere, δ = 1/3. The value of δ is shown in Tab.1 for a few characteristic cases. Numerical simulations show less than 10% difference between a cylindrical disk and a similarly sized ellipsoid where one of the axis equals the length of the cylinder and the other two its diameter. The rate of energy absorption by an NV center is proportional to the square of the microscopic field interacting with the center. Because the macroscopic fields in bulk and inside the ellipsoid are parallel to each other, the corresponding microscopic fields are also parallel and their magnitudes are proportional to the magnitudes of the macroscopic fields. Hence (see Eq. (4))
We use the internal flux of photons in the case of bulk (it is a usual practice to take into account the reflection on the interface between diamond and a surrounding medium and use E i [b] in the calculations of the cross-section) but internal flux is a meaningless concept for a nanocrystal.
The absorption cross-sections in a bulk sample and in a nanocrystal are related as follows
The factor
2 is the energy flux transmittance of the bulk diamond-air interface at a normal incident (numerically this factor is about 0.83 for a diamond-air interface). Equation (8) can also be applied to analyse a practically important case of nanodiamonds dispersed in water but the refractive index of diamond n should be replaced with n/n w , where n w is the refractive index water.
Values of η
2
[el] n for directions of the electric field along the ellipsoid axes are shown in Tab. 1 for diamond surrounded by air or water. The factor δ depends only on the shape of the ellipsoid. The table also includes these values averaged over the field directions (this approximately simulates absorption of an ensemble of randomly oriented nanocrystals).
One has to be careful when applying Eq.(8) to a nanocrystal siting on a substrate (a glass slide, for example). In such a case, the external field is significantly affected by the reflection of the incoming wave from the surface of the substrate. Interference between the incoming and reflected waves reduces the electrical field. The field inside large but very thin flake of diamond (much thinner than the wavelength inside the diamond) on a glass surface will be equal to η [s] E [ext] (as follows from the boundary conditions). Analytical solution of the corresponding electrostatic problem is available for a sphere (a valid approximation if the sphere is much smaller than the wavelength of light) but is quite complicated [10] . We will discuss numerical simulations later in this paper.
Photon emission rate
In this subsection we consider spontaneous radiative transitions and compare radiative rates of NV centers imbedded in bulk diamond and in a nanocrystal. The density of the photon states in a homogeneous not absorbing and not dispersive media is proportional to n 3 while the strength of the macroscopic field associated with one phonon is proportional to n −1 [11] . Suppose that a crystal is too small to support any localised optical modes in the relevant spectral range.The photon modes which interact with the NV-center will be then basically the photons of the vacuum whose density of states is n 3 times smaller than the density of states in the bulk crystal but the associated electrical field is n times stronger. This macroscopic field will be reduced inside the nanocrystals and will be equal to E i[el] as defined by Eq. (6) where the value of E ext is the field associated with a single photon mode in vacuum. In the case of a very small spherical particle, the rate of the spontaneous emission k r[s] and the rate of the radiative decay of NV center in bulk diamond k r [b] are related as follows [12] 
where η [s] is the value of η calculated for a sphere. The validity of Eq. (9) has been demonstrated experimentally [13] . To calculate the radiative rate of a dipole transition (the unit vector of the dipole isμ) in the case of an elliptical particle, one has to average η 2 cos 2 θ. The angle θ is the angle between the direction of the electric field andμ. To compute the average, one has to consider three orthogonal directions of the wavevector, chosen along the axes of the ellipsoid. In a simple case ofμ parallel to axis a, cos θ = 1 only when the electric field of the wave is also parallel to a. The wavevector of such a wave should be therefore parallel to the axes b or c. For other waves/polarisations, cos θ = 0. The electric-dipole decay rate in a nanocrystal reads
The values of η 2
[el] /n for three directions of the transition dipole moment (along a, b, and c axis) are shown in Tab.1 for air or water surroundings. In the case of water, n is the refractive index of diamond relative to water. The average value gives an indication of the decay rate in the case of many centers randomly oriented within ellipsoids (but strictly speaking the decay is not single exponential in this case). Even if we exclude the extreme cases such as a needle (b, c = 0) or a flake (c = 0) from Tab. 1, the radiative rates in bulk diamond and in a nanocrystal (surrounded by air) differ by a factor between 0.016 and 0.22. The actual shapes of the crystals are quite irregular but to narrow the range a bit we will use η In the case of the nanocrystal placed on a dielectric substrate (refractive index n sub ), the proximity of the interface will affect the radiative rate. The magnitude of the effect depends on the orientation of the electronic transition dipole of the NV center and its distance from the interface. If the transition dipole is parallel to the plane, the effect is relatively small even when the dipole sits exactly on the interface [14, 15] . In such a case the increase in the emission rate is about a factor of 1.4 for a typical value of n sub ≈ 1.5. The rate increases by a factor of about 2.3 if the transition dipole is perpendicular to the plane. Note that the excited triplet state of NV centers is degenerated and the two corresponding transitions have mutually orthogonal transition dipoles. This makes the effect of the interface less dependent on the orientation of the center. Numerical calculations require a number assumptions but an average value of 1.7 is a reasonable estimate for a crystals on a glass substrate with a large number of NV-centers [16] . This is the averaged effect for the three mutually orthogonal orientations of the transition dipoles (two in the plane and one perpendicular to the interface).
A widely used relation between the absorption cross-section and the radiative lifetime [17] 
whereν abs andν lum are absorption and luminescence frequencies in units of wavenumbers (cm
lum dν lum / s(ν lum )dν lum is the value ofν −3 lum averaged using luminescence spectral density s(ν lum ) as a weighting factor. The absorption spectrumσ is normalised so that it equals 1 at the maximum and is averaged over all equally probable orientations of the transition dipole moment (this may be not strictly valid for a crystal fixed in the laboratory reference frame when the absorption cross-section is measured for a particular direction of the incident light). This equation is derived by considering a thermodynamic equlibrium between blackbody radiation and a quantum system. The refractive index n is the refractive index of the media which is filled with black body radiation. In the case of a bulk diamond n = 2.42 while n = 1 for the nanocrystals in vacuum (air). The derivation also relies on the validity of the Frank-Condon principle for transition probabilities between quantum vibronic states. The expression does not include the local field factor because we have assumed the same factor for absorption and emission fields. This strictly speaking is not an exact statement (see, for example, [18] for discussion). The challenging problem of local fields does not arise in relation to Eq. (8) and Eq.(10) as they both deal with only absorption or only emission (only the size and/or shape of the crystal change). For a crystal on a substrate, the radiative rate is higher but Eq. (11) is not valid as the refractive index is not homogeneous. One can use Eq. (8) and Eq. (10) 
. This equality also follows from Eq. (11) and thus it proves the consistency between electrodynamics and thermodynamics considerations.
Population dynamics
The structure of quantum states in NV-centers is quite complicated. A minimally realistic approach includes 3 spin sub-levels of the ground electronic orbital, 3 × 2 sub-levels of the double degenerated electronic orbitals of the exited triplet and a couple of singlet orbitals. In a more accurate model, one also should consider the vibrationally excited states to account for the absorption of 532-nm wavelength of the exciting light and states which can be reach by two-photon excitation. All this makes the complete analysis very involved even in the approximation of the rate equations. However, important relations can be derived by making a few approximations.
First Table 1 : Depolarisation, cross-section correction, and radiative decay factors for ellipsoids. The factors are calculated for each shape (defined by the relative lengths of axes a, b, and c) and three directions of the filed. Row (1) shows values of δ; (2) and (3) show the effect of the ellipsoids on the absorption cross-section for the case of water and air surroundings respectively; Rows (4,5) display the effect of the ellipsoids on the radiative rates (water, air). ρ S as follows αρ *
where the phenomenological parameter α characterises the relative population of the m = ±1 sublevels of the 3 E orbital (we also assume that the intersystem crossing is dominated by the transitions from the m = ±1 levels). In this equation, the left hand side is the rate of singlet population due to intersystem crossing from the excited triplet and the right hand side is the rate of depopulation of the singlet. The population of the singlet state can be obtained from Eq.(12) as follows ρ S = αρ * T k TS /k ST . Second, we note that a typical relaxation time from the vibrationally excited states down is several picoseconds, orders of magnitude shorter than the relaxation time from 3 E to other electronic orbitals (about 10 ns). Therefore we can formally consider direct excitation to the electronic triplet 3 E. The complication of the orbital degeneracy is simplified at room temperature by the very fast phonon mitigated exchange of the populations between the two orbitals. The rate of optical excitation to 3 E is k lu = Iσρ T , where I is the intensity of the exciting light, σ is the absorption cross-section, and ρ T is the population of the ground triplet. In a similar fashion, we consider excitation from the excited triplet to a higher electronic orbital followed by a fast relaxation to the ground state (we include this possibility for a reason which will become clear later). The steady state population of the excited triplet is reached when the balance between the depopulation and repopulation of the ground triplet state holds, that is when Iσρ T = ρ * T (αk TS + k + Iσ ). Assuming that ρ S + ρ * T + ρ T = 1 and ρ S = αρ * T k TS /k ST , one can express the value of ρ * T as follows
The detected photon rate equals k r Φ det ρ * T , where k r is the radiative decay rate and Φ det is the efficiency of photon detection which is a product of the photodetector efficiency Φ pd and the efficiency of the photon-collecting optics Φ opt . The value of Φ opt can be calculated in many important cases analytically or numerically. The collection efficiency for a single dipole in homogeneous media can be found in [19] and for a dipole on a dielectric interface in [20] . As a benchmark for this value we have calculated the efficiency of a standard microscope objective (NA=0.9, transmission 0.8, used in the experiments reported in this paper) averaged over all orientations of NV centers in a bulk crystal and in a nano-diamond on a glass substrate. In these two cases, Φ opt = 0.023 and Φ opt = 0.14 respectively. Note that the much smaller value of Φ opt for bulk diamond is mainly due to the decreasing of the numerical aperture by a factor of n (the refraction index of diamond) due to refraction on the interface between the diamond and the air. The reflection on the diamond surface reduces the efficiency only by a factor of 0.8.
The maximum detected photon rate then reads (see Eq. (1))
Another important quantity is the so-called saturation intensity. This is the excitation intensity when the photon rate equals one half of R (det) . The saturation intensity in units of W/cm 2 can be obtained from Eq. (13) as
where hc/λ is the energy of one photon at the excitation wavelength λ. The saturation intensity monotonically increases with decreasing value of α (note that k k ST ). A combination of R (det) and the saturation intensity gives a way to link the absorption cross-section to the quantum yield of NV luminescence.
where Φ NV ≡ k r /k is the luminescence yield of the NV center. Because the value of k TS /k ≈ 0.5 in bulk (it is about 1 in nano crystals), the value of the term in the brackets varies only between 1 and 1.3 if α changes from 0 (the minimal possible value) to 2/3 (its thermal equilibrium value).
As a matter of fact, one can reduce the uncertainty in the value of α by using the ODMR data. We estimate C ODMR , the contrast of the ODMR line in a case of a low excitation intensity, such that the population of the ground triplet state is close to 1.
To obtain an expression for C ODMR , we assume that the conditional probabilities of populating the m = ±1 and m = 0 sub-levels are α and 1 − α respectively even at the low excitation intensity, typical for the ODMR measurements. In this approximation, every excitation to 3 E results in emission of a photon with probability of
When NV-center is subject to strong MW radiation at resonance with the 0| ↔ ±1| transitions, the steady-state value of α equals 2/3 (this value implies that all three spin sub-levels are equally populated) and the corresponding probability of the photon emission (as given by Eq. (17)) is equal to p 0 . The expression for the contrast then reads
Apparently, the contrast of the ODMR line can be used to estimate the value of α.
A typical value of C ODMR ≈ 0.25 and k/k TS ≈ 1, observed for nanodiamonds, results in an estimate of α ≈ 0.2. Therefore the error due to approximation in Eq. (16) is less than 20%.
Discussion
The absolute value of the absorption cross-section of NV-centers is hard to estimate using conventional methods founded on Beer-Lambert law because the concentration of these centers can not be obtained easily. One of the most recent estimates for the absorption cross-section at 532-nm wavelength [21] reports σ [b] = (3.1 ± 0.8) × 10 −17 cm 2 . This estimate is based on the integrated ZPL absorption at 80 K temperature [22] in a sample where the concentration of the NV centers is measured using electron-spin resonance (ESR) data. The wavelength dependence of absorption and luminescence has been measured many times and is similar for nanocrystals and bulk material (if the micro-crystal resonates at particular frequencies, the shapes of the emission/absorption bands can be significantly modified).
An alternative technique of finding σ has been proposed in [20] . The "short-pulse method" is based on a sequence of very short excitation pulses, much shorter than all relaxation times from 3 E to the lower electronic orbitals but longer than the relaxation time of the vibrationally excited states (this relaxation path is shown by a fat dashed line in Fig.2) . If the interval between the consecutive pulses is much longer than the relaxation times from the higher electronic orbitals, then the population of the ground electronic orbital equals 1 before every exciting pulse and ρ T + ρ * T = 1 for the duration of the pulse. In such a case, the population ρ * T = 1 − exp(−Eσ) at the end of the pulse, where E is the number of photons carried through a unit area by one laser pulse at the location of the center. This method has been used to determine the cross-section in a nanocrystal. The reported value of σ [nc] = (9.5 ± 2.5) × 10 −17 cm 2 is about 3 times larger than the value cited above for a bulk crystal. This is a very large mismatch especially considering that the cross-section of NV-centers in nanocrystals should be smaller than in bulk diamond according to the above analysis (except for very flat flakes). To explain/reduce the mismatch, the effect of the substrate on the electrical field inside a nanocrystal has been critically examined. In the absence of a nanocrystal on the surface, the reflection from the surface interferes with the incoming wave and the resulting field is reduced in comparison to the field of the incoming wave by the factor η [b] calculated for the material of the substrate. This reduced field has been used in [20] as the external field for the nanocrystal (see Eq. (6)). But numerical simulations (done using Lumerical FDTD Solutions) quite surprisingly show that such approximation is valid only for a flake. In less extreme cases of the aspect ratio, the substrate has a small effect on the strength of the electrical field inside the crystal. This is demonstrated in Fig.4 . Therefore the cross-section estimated in [20] should be multiplied by η Second, as follows from the Tab.1, the cross-section depends very significantly on the shape of the crystals. The HTHP nanodiamond is obtained by crashing larger crystals which can naturally break along easy cleavage crystallographic planes [23] , {1,1,1} being the most common. A nanocrystal can then have its largest flat surface bound to the plane of the substrate (mainly due to Van der Waals and/or electrostatic forces). In such a case, one can estimate the value of the cross-section to be in the range 0.25σ [b] according to the results listed in Table 1 starting from a sphere and below. This variation introduces quite a large uncertainty when the cross-sections in a bulk and in a nanocrystal are compared. In practice, the expected variation is smaller than the range stated above. For example, we exclude the cases of very large aspect ratios as unrealistic. But the spread of the cross-sections is still significant. Also note that the average cross-section is larger in bulk for all cases except for very thin flakes. To get experimental confirmation for the variations of the cross-section, its value has been measured with the "short-pulse method" for a large number of crystals and the results are presented in Fig.5 . These results generally agree with the value published in [20] once it is corrected for the factor of 0.66. A large standard deviation of the measured values is in agreement with the dependence on the shape of the crystals but the average value of the distribution (σ [nc] = 5.1 × 10 −17 cm 2 ) is still larger than the one reported for bulk .
The remaining disagreement between the bulk measurements and nanocrystals can be explained either by assuming inaccurate calibration of the concentration of the NV centers in bulk or by considering dynamics of populations more sophisticated that the one assumed in [20] . For example, inclusion of the sig-zag path (see Fig.2 ) changes the dependence of the population on the pulse energy to ρ * T = 1 − exp(−E(σ + σ )) as follows from the rate equationρ * T = σρ T − σ Iρ * T and ρ T = 1 − ρ * T . Thus, the measured value of the cross-section can be larger than σ. The choice between the two options is outside the scope of this paper. For the following discussion we adopt σ = (3.1±0.8)×10
−17 cm 2 as the bulk value. The corresponding values for nanocrystals in water and on a glass substrate are (2.0 ± 0.5) × 10 −17 cm 2 and (1.3 ± 0.3) × 10 −17 cm 2 respectively. Here we assume the shortest axis of the ellipsoid is not shorter than 1/2. Other cases can be analysed with a help of Tab. 1.
The absorption cross-section can be related to the radiative emission rate with Eq.(11).
Cross-section × 10 The mean value is about 1.6 times larger than the value reported for bulk absorption in [21] . Fig. 3 shows an example of absorption and emission spectra adopted from a classical paper [24] . Substitution of (3.1 ± 0.8) × 10 −17 cm 2 in Eq. (11) results in the radiative rate k r[b] = (44 ± 11) MHz. This value is about two times smaller than the total decay rate k ≈ 80 MHz frequently reported for bulk samples (the earliest citation for this value is probably [25] ) and suggests that Φ NV , the quantum yield of luminescence is about 50% while a common statement about NV-centers is that Φ NV = 1. A chain of citations [1, 26, 27] for this value of Φ NV ends up at a footnote with a reference to an unpublished work. The footnote only claims that the intersystem crossing from the lowest level of 3 E to the metastable 1 A is very slow (78 kHz) in comparison to the rate from 3 E to 3 A. Therefore the estimate Φ NV ≈ 1 holds only if the relaxation from 3 E to 3 A is assumed to be purely radiative. Thus, the quantum yield of NV luminescence is an opened question which we will now discuss using the data collected in Tab.
and Eq.(16).
A quick glance at the table reveals that at least one of the required parameters is frequently not reported in the literature (most frequently missing is the quantum yield of the photo detector) but the top two references indicate that the quantum yield in bulk estimated with Eq. (16) is about 0.5. Interestingly, a more sophisticated method used in [28] results in even a smaller value.
Next, we look at nanocrystals and the results published in [29] where nanocrystals have been distributed on a silicon substrate and then tested before and after being covered with a PMMA film. The experimental results apparently point at the yield close to 1 as the decay constant k and the value of R (det) increase by the same factor of 1.5 upon coating. But the assumption Φ NV = 1 makes it hard to explain why the proximity of a medium with a very high refractive index (3.87 for silicon) does not increase the emission rate above the value typically reported for a glass substrate (n = 1.5). Such independence on the refractive index can only be explained if the contribution of the radiative rate to the total value of the luminescence decay rate is small. Finally, the last raw in the table presents quantum yield values estimated using a change in the decay rate due to proximity of a spherical mirror. In these experiments, the nanocrystals have been covered with a film of glass and therefore the expected reduction in the radiative rate has been smaller than in the case of vacuum/air surroundings. Nevertheless the reported in [30] estimate of the quantum yield is smaller than 1 with good margins (even though the uncertainties are large). In the same paper, no change in the luminescence lifetime is reported when 25-nm crystals are surrounded with air and liquids of different refractive indexes, in agreement with the assumption of a relatively small contribution which the radiative rate makes to the total luminescence decay rate. Bearing in mind all the uncertainties and using 44 MHz as a reference for the radiative rates of NV centers in bulk , one can theoretically estimate these rates in nanocrystals to be 8 ± 4 MHz if the crystals are immersed in water and 5 ± 3 MHz when deposited on a glass substrate (see the discussion below Eq. (10) and use a factor of 1.7 to convert the rate in air to the rate on glass). The conclusion about a slower than previously claimed radiative decay rates is also supported by papers [31, 16] where luminesce decay rates are reported to be as low as 18 MHz for some nano crystals on a glass substrate. The radiative rates must then be even smaller.
So far we have mostly concentrated on radiative rates of NV-centers. In this paragraph, we briefly discuss the not radiative rates which also affect the quantum yield and is an important factor for applications. Comparison of luminescence of nanodiamonds suspended in water to Raman scattering of water opens an interesting way to calibrate the sensitivity of the detection system and to find the absolute intensity of luminescence [37] . It turns out [38] that Raman scattering of water is about 55 times weaker than luminescence of 100-nm crystals suspended at concentration of 0.1 g/L. But a unit volume of the same material starts to emit about 25 times less photons when the crystals are crashed to about 35-nm size. The reason of this reduction is not clear and only partially can be caused by destruction of the centers in the crashing process. In part, it can be attributed to an increased significance of luminescence intermittency (also called "blinking") [39] which effectively reduces the number of optically detectable centers. The onset of blinking has been observed [40] once the location of NV-centers approach the crystals surface closer than 8 nm and therefore blinking is more significant for smaller crystals. Another reason for decreased luminescence is increased not radiative rates in tinier crystals. The not radiative pathways of energy relaxation processes in nanocrystals are enhanced in comparison to bulk by the proximity of the crystal surface [41] . The distribution of the not radiative rates within an ensemble of NV-centers and/or nanocrystals (in addition to the wide distribution of the radiative rates as discussed in this paper) make any prediction of the quantum yield quite unreliable. The reported luminescence life time of NV-centers in nanocrystals on a glass substrate is typically between 10 and 30 ns [16, 42] . Using these limits and the above estimated range for the radiative rates, one can expect the luminescence quantum yield of NV-centers in a nanocrystal on glass to be between 0.02 and 0.25. The yield would be even smaller if the crystals were completely surrounded by air.
Conclusion
Basic photo physical properties of the NV-centers in diamond revised in this paper can be summarised as follows. The commercially available nanocrystals are characterised by a very large (more than 3 orders in magnitude) spread of brightness. However, their specific brightness (the maximum number of emitted photons per unit of volume) seems to be consistent across the batch and equals approximately 1.5 × 10 3 photon/nm 3 for the tested samples. Thus, the main reason for the spread of brightness is the large variance of the distribution of crystal volumes. The analysis of data presented in this paper and published elsewhere supports the conclusion that the radiative rate of NV-center luminescence decay is significantly smaller than the usually observed total rate of depopulation of the excited state. In particular, the radiative rate of NV-centers in nano diamonds (50 nm and smaller) is about 8 MHz for crystals immersed in water and around 3 MHz if the crystals are suspended in a media with refractive index close to 1 (air, vacuum). There is a very wide (deviation by a factor of 4) intrinsic distribution of the radiative rates due to the commonly observed variety of the crystal shapes. The radiative rate of NV-centers in bulk diamond is much higher and is estimated to be around 44 MHz. These results support a revised estimate for the luminescence quantum yield which is likely to be significantly smaller than 1 for bulk crystals (the most probable value is 0.5) and is much smaller than 1 for nanocrystals. For example, in the case of nanocrystals immersed in water, the luminescence yield of NV-centers is typically smaller than 0.2 (but can be higher in some of the crystals with an appropriate shape and orientation of the transition dipole moment). The theoretical considerations suggest, for example, that shaping the nanocrystals in a form of flakes will improve the yield. The absorption cross-section of the NV-centers is also smaller for the case of nanocrystals in comparison to bulk diamond. A larger value measured with the use of short-pulse method suggests that there can be an additional path of photo-induced depopulation of the excited triplet state via higher electronic states. 
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